General Polynomial Solution
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Let p(X) = aX’ +a;x’ +a,x +az, thenby Division Algorithm, p(x) = (x — k) q(x) + r(x).

Since deg [r(X)] <deg [(x—-Kk)] =1, therefore r(x)=c, aconstant. S p(X¥) = (x=K)q(x) +c.

Now, p(K) = (k-k) q(x) + ¢ = agk® +a;k® +a,k +a; =0 = c=0. Lp() = (x-K) qx).
x—k isafactor of p(x) = aX® +a;x’ +aX + az.

Let FIX Y, 2) =X (y=2) + Y (z=X) +Z° (x - ).

Then  F(y.y,2)=X(y-2)+y’ -+ -y =X (y-2)-y’ (y-2)=0
(x-y) isafactorof F(x,y,z) by Factor Theorem.
Since F(x,y,2z) iscyclic, (x-y)(y—-2)(z-x) isafactorof F(x,v,2).
Deg [F(x,y,2)] =4, deg[(x-Y)(y—-2) (z—x)]=3, the remaining factor must be of degree 1 : k(x +y + z).
FX Y, 2) =k(x+y+2) (x-y)(y-2) z-%x) ... 1)
Comparing coefficients of X% on both sides of (1), we have k =-1.

FX, ¥, 2) =-(x+y+2) (x=y) (y-2) (2-X) =(X+y+2)(y-X)(z2-Y) (z-X)

(@) Let F(abc)=(b+c)P((b-c)+(c+a)’(c-a)+(a+b)i@-b).
F(b,b,c)=(b+c)’(b-c)+(c+h)*(c-hb)+@+h>*b-b)=(+c)®b-c)-(+b)?*(b-c)=0
(a—b) isafactorof F(a, b,c) by Factor Theorem.
Since F(a, b,c) iscyclic, (a-b)(b-c)(c—a) isafactorof F(a,b,c).
Deg [F(a, b, c)] =4, deg[(a—b)(b-c)(c—a)]=3, the remaining factor must be of deg 1 : k(a + b + ¢).
F(a b,c)=k(a+b+c)(@a-b)(b-c)y(c-a ... QD
Comparing coefficients of a’h on both sides of (1), we have k =-2.
F(@ b,c)= -2(a+b+c)(a-b)(b-c)(c-a)=2(a+b+c)(b-a)c-b)(@-c).
(b) Let F(a,b,c)=(b-c)(c+a-b)a+b-c)+(c-a)a+b-c)(b+c-a)+(a-b)(b+c-a)c+a-bh).
F(b,b,c) =(b-c)(c+b-b)(b+b-c)+(c-b)b+b-c)b+c-b)+(b-b)(b+c-b)(c+b-b)
=(b-c)c(b-c)+(c-b)(2b-c)c=c(b-c)(2b-c)-c(b-c)(2b-c)=0
(a—b) isafactorof F(a, b,c) by Factor Theorem.
Since F(a, b,c) iscyclic, (a-b)(b-c)(c—a) isafactorof F(a,b,c).
Deg [F(a, b, c)] =3, deg[(a—-b)(b-c)(c—a)]=3, the remaining factor must be of degree 0: k.
F(a b,c)=k@-b)(-c)y(c-ay ... Q)
Comparing coefficients of a’b on both sides of (1), we have k = —4.
F(a b,c)= —-4(@a-b)(b-c)(c-a)=4(b-a)c-b)(a-c).



Let P(x)=x>+3x*-2. Since x=-1 isarootof P(x), by division P(x)=(x+1)(x*+2x—-2)=0

a b arerootsof X*+2x-2=0 = atb=-2 ...(1), ab= -2 ...(2

Let f(x)=px’+qgx+r ~fQ)=p+q+r=1 ...(3)
fQ)=pa’+qga+r=b ..(4)
f(b)=pb’+gb+r=a ....(5)
(4)-(), pa+b)(a-b)+qg@a-by=b-a = p@a+b)+q=-1 = 2p-q=1 (by (1))
(4)+(5), pl[(a+h)’-2ab]+qa+by+2r=a+b = 8p-2q+2r=-2 (by(1),(2)
= 4dp-q+r=-1 ..(7)

Solving (3), (6), (7), p=4, q=7, r=—=10. .. f(x)=4x*+7x-10 isthe required polynomial.

( = ) If fx)=a+bx’+cx+d isa perfect cube, then
f(x) =ax® + bx? + cx + d = a(x + ) = a(x® + 3ex? + 3e’x + €°)
Compare coefficients, we have b = 3ae, ¢ = 3ae?, d = ae®
b® = (3ae)® = 27a%° = 27a%(ae®) = 27a%
and c* = (3ae?)® = 27a%° = 27a(ae’)’ = 27ad>

( < ) If b*=27a%d and c*=27ad’, then
21 12 1 1)°
f(x) =ax® +bx?+cx +d = ax3+3a3d3x2+3a3d3x+d:(a3x+d3]

(@ S(n)=12+23+34+--+n(ntl) ....(1)
S(nN)=A+Bn+Cn*+Dn®+En*+ ... .2

...(6)

From (2), S(n+1)-S(n) = A+ B(n+1) + C(n+1)* + D(n+1)® + E(n+1)* = (A + Bn + Cn? + Dn® + En* )+...

=(B+C+D+E)+(2C+3D +4E)n+ (3D + 6E)n’ + 4En® + ...
From (1) S(n+1)-S(n) =(n+1)(n +2) =2+ 3n + n?
Apply the Principle of Undetermined Coefficients, we have, from (3) and (4),

B+C+D+E=2 ....(5)

2C+3D+4E=3 ....(6)

3D+6E=1 .7

4E=0 ....(8)
From (8), E =0 (and the coefficients of higher termsin n are zero)
Solving (5), (6), (7), D=13, C=1, B=2/3.

. 2 1
Subst. the values of B, C, D, E in(2), S(n)= A+§n+n2+§n3

S(1) = A+§+l+% =A+2 ...(9)  andfrom (1), S(1)=1x2=2 ....(10)

2 1 1
A=0 s S(n)= §n+n2+§n3:§n(n+l)(n+2)



(b) S(N)=13+3+5°+7%+ .. ()
S(ny=A+Bn+Cn’+Dn®+En*+ ... .2
From (2), S(n+1)-S(n) = A+ B(n+1) + C(n+1)? + D(n+1)* + E(n+1)* = (A + Bn + Cn® + Dn® + En* )+...

=(B+C+D+E)+(2C + 3D + 4E)n + (3D + 6E)n? + 4En° + ... ...(3)

From (1) S(h+1)-S(n)= (@n+1)®=8n*+12n*+6n=1 ...(4)
Apply the Principle of Undetermined Coefficients, we have, from (3) and (4),

B+C+D+E=1 ....(5)

2C+3D+4E=6 ....(6)

3D + 6E = 12 .7

4E=8 ....(8)
The coefficients of terms higher n* are zero and is not calculate here.
Solving (5), (6), (7), E=2, D=0, C=-1, B=0.
Subst. the values of B, C, D, E in(2), S(n)=A-n?+2n*.
S(1)=A-1+2=A+1 ...9) andfrom(1), S()=13=1 ....(10)

A=0 o S(n)=-n*+2n*=n*(@2n*-1).

Let f(x)=x®+ax’+11x+6, g(x)=x*+bx?+14x+8 with a common factor of the form x*+ px + q.
f(x) = (0 + px + q)(x — ) = X° + (p - )x’ + (q — ap)X — aq
9(x) = (¢ + px + g)(x — B)= x> + (p— B )x* + (g — Bp) X — Bq

Comparing coefficients,

a=p-a ...(1) (5)4(1), a=p+6/q ) (11)=(12), 8(11-q) = 6(14 - q)
b=p-B ...2) 6)4(2), b=p+8iq ....(8) L q=2 ....(13)
11=q-ap ....(3) G)d(3), 11=q+6p/qg ...(9) (13) 4(11), p=3 ....(14)
14=q-Pp .4 (6)4(4), 14=q+8plg ...(10) (13)(14) ¥(1), a=6

—6 =g ...(5) From (9), p/q=(11-q)/6 ....(11) 13)(14) (), b=7

-8=q ....(6) From (10), p/g = (14 -q)/8 ....(12)

Let f(x)= Zaix‘, g(x) = Zbixi ., we may assume that the degree of f(x)and g(x) are both equal to
i=0 i=0

n,ifnot, we canputsome a or b; =0 tomake the degree the same.

We use inductionon n. Let P(n):f?’+xg%=0,degf=degg=n =f=0,g=0.

For P(0), f=ay,, g=by, f2+xg°=a’+xb’ =0= a’=by’=0=a,=by=0
f=0,g=0. s P(0) istrue.

Assume P(k) istrue forsome ke N.ie. f?+xg’=0,degf=degg=k =f=0,g=0. (%)

k+1 2 k+1 2
For P(k+1), f2+xg?= (Zaix‘j +X(Zbix‘) =0
i=0 i=0

k+1 2 k+1 2
Put x=0,wehave ay=0, f+xg?= [Zaix‘j +X(Zbixij =0
i=1 i=0



k Y ksl 2 K N kil 2
xz[z‘aix"l} +X(Zbixlj EO:X( aix"l) +[Zbix'j =0
i=1 i=0 i=1

i=0

k

2 K 2
Put x=0,wehave by=0, f2+xg?2= X(Zaix“lj +x2[2bix“1j =0
i=1 i=1

k 2 K 2
f2+xgz=(2aix“l] +X[Zbix“lj =0. where the degrees of fand gare k.
i=1 i=1

By (*), f=0,¢g=0. .. P(Kk) is also true.
By the Principle of Mathematical Induction, P(n) istrue Vv neN U{0}.

9.  si(Xy, Xo, X3, X4) = coeff. of y3 =X Xt X3+ Xy

= X1 Xot X1 X3 + X1 X3 + X2 X3.

<
DY)

So(X1, Xo, X3, X4) = coeff. of

= X1 X2 X3+ X1 Xo X3 Xg + X1 X3 X4 + X2 X3 Xg.

<
N

S3(X1, X2, X3, X4) = coeff. of
S4(X1, X2, X3, X4) = coeff. of yO = X1 X9 X3 X4 .

N 1-0°  1-1 0 if r=3k

10. (@ fix)= Zarx', 0 =1 lto+e’ =—— === 0, 1+(or+<x)2r={ . ,

) l-0 1-o 3 if r=3k

keN.

3n

3n 3n 3n n
f(x) + f(ox) + f0X) = > ax +> a,0%X +) a,0"'x =) (l+o +o’)ax =3) a,x”
r=1 r=1 r=1 r=1

r=1

(b) f(x) + of(oX) +o*f(w>X)

3n

3n 3n 3n n
=Y ax +0Y a,0%X +0’ Y a0"x =) [1+o™ +0’ ™ )ax =3>a, X
r=1 r=1 r=1 r=1 r=1

f(X) + 0’ f(0X) + o(0>X)=
3n 3n 3n 3n n
dax +o’ Y aox +oy ae’x =Y (1+o0" +0” " )ax =3) a; x"
r=1 r=1 r=1 r=1 r=1

11. (Guass Lemma) Let b(x) =bg+byx + ... + beax™ +x,  ¢(X) = co+CiX + ... + CrX + X',
The fractions b; have a least common denominator 3> 0.
Put b, =%, then  Bo, B1, ..., Pg-1, Bg €Z and have non common integral factors except +1.
Let vo, V1, ..., Yr1, Yr €Z  be similarly defined.
(i) If B=y=1, thereisnothing to prove.
(if)  Accordingly, suppose that By > 1, then Pya(x) =B(x) C(x) where
B(X) = Bo + PaX + ... + Beax¥ + XY, C(X) =yo + 72X + ... + X +y X
Let p beaprimefactorof Py; then p divideseach coeff.in B(x) C(x).
At least one coeff. in  B(x) is not divisible by p ;among such coeffs. let f3; be the one with highest
suffix.  Similarly define ;.
The coeff. of X in BX)C(X) is  Bisjyo+.... + Bisr¥ia +Bivj+ Piayjer + - +PoVisi
Since B;Po, ...,Pisr and y; Yjs, ... ,visj areall divisible by p,but Biy; isnotdivisible by p.

The supposition Py >1 thus leads to a contadiction.



12.

13.

(@)

(b)

(@

(b)

a()f(x) +g(x) =0 ; 9(x) =0 or Deg[g(x)] < Deg [a(x)]
=g(xX) =-a(X)f(x) = g(x) hasafactor a(x) = Deg[g(x)]=> Deg [a(X)]
So, if Deg[g(x)] < Deg [a(x)] , there is a contradiction.
gx)=0 and -aX)f(x)=0 = f(x)=0
b(x) = a(x)a(x) + r(x) (1) Deg[r(x)] < Deg[a(x)]
b(x) = a(x)Q(x) + R(x) .(2)  Deg[R(x)] < Deg[a(x)]
1) -, ax) [a(x) - Q)] + [r(x) —R(X)] =0
By (@), gxX)-Q(x)=0 and r(x)-R(X)=0. ..qX)=0Q(x), r(x)=R(x).

By Division Algorithm,

f(x) = 9(x) go(X) + ro(X), Deg[g(x)] > Deg[ro(X)]
g(X) = ro(x) q1(x) + ru(x), Deg[ro(x)] > Deg[ri(x)]

ro(X) = ru(X) ga(x) + ra(x), Deg[r:(x)] > Deg[ra(x)]

Fn-2(X) = n-1(X) An(X) + Fa(X) Deg[rn.1(x)] > Deg[rn(x)]
2(X) = 1(X) Gnea(X)
Let P(n): 3dnon-zero polynomials M;(x), Ni(x) suchthat ri(x) = Mj(X)f(x) + N;(X)g(x)
For P(0), ro(x)="1(X)—qgo(X)g(x), .. P(1) istrue.
For P(1), ri(x)=9(x) - aq(X)ro(x) = g(x) - qa(x) [f(X) — Go(X)g(x)] = — Ga(X) f(x) + [1 + Go(X) A2(x)]9(x)
P(1) istrue.
Assume  ri(xX) = Mi(x)f(x) + Ni(x)g(x) istrue VvV i<k
For P(k), 1(X) = rk2(X) = Me-1(x) q(X)
= Mi2(X)F(X) + Ni2(X)g(X) = [Mi-1(X)F(X) + Ni-1(x)g(x)] q(x)
= [Mi2(X) =Mi2(X) a(})] F(X) + [Ni2(X) =Nia(X) qk(x)] 9(x)
= My(X)f(X) + Nk(X)g(x) o P(k) istrue.
By the Principle of Mathematical Induction, P(n) istrue Vv neN w{0}.
In particular, r, (X) =M (X)f(x) + N (x)g(x),
since by Euclidean Algorithm, ry(x) isthe H.C.F. of f(x), g(X).

Since f(x), g(x) are relatively prime, H.C.F.of f(x), g(x) =1, by part (a), we have
1= MXf(x) + N (x)g(x)
M(x) f(x) =1 — N(x) g(x) ....(1)
N(x) g(x) =1 -M(x) f(x) ....(2)
If ROOF(X) = S(X)g(x), then  RIN()F(X) = S(x) N(x)g(x) = S(x) [1 -M(x) f(xX)] , by (2)
S(X) = f(X) [R(X)N(X) + S(x) M(X)] and f(x) divides S(x).
It S(x)g(x) = R(X)f(x), then SIM(x)g(x) = RXIM(x)f(x) = R(x) [1 - N(x) g(x)], by (1)
R(X) =g(X) [SOM(X) + R(X) N(x)] and g(x) divides R(x).



14.

15.

(@)

(b)

(©

(b)

(©

a(b-c)+b’(c-a)+c’(a-b)=0 = -(a-b)(b-c)c-a)=0 = a=b v b=c vc=a
W.lo.g. let a=b, (@ -b"b"-c")(c"-a")=(®"-b"bO"-c"(c"-b")=0.
1 1

—+—+—=
a b ¢ a+b+c

= (a+b+c)(bc+catab)=abc = (@+b)(b+c)(c+a)=0

= a=-bv b=-c v c=-a, W.lo.g. let a=-b,
1 1 1 1 1 1 1 1 1

2n+1 + 2n+1 + 20+l 2n+1 + 2n+1 + 2n+l 20+l 2n+l 2n+1
a b c (-b) b c c (-b+b+c) (@a+b+c)

2 2 _ a2 2 2 _ K2 2 2 _ w2
bre-a’ c+a b aHboC ;L @ib-c)btc-a)c+b-a)=0
2hc 2ca 2ab

W.lo.g. let a+b-c=0,

b*+c?-a® (b—c)*-a’ 1 (b—c+a)(b—c—-a)

+1=0+1=1

2bc 2bc 2bc
2 2 _ K2 2 2 _ A2

Similarly, ¢ +a-b =1, a +b -c =-1

2ca 2ab
2n+1 2n+1 2n+1
b? +c? —a? . c®+a?-b? +(a2+b2—c2 _pent g gy g
2bc 2ca 2ab

Let f(a, b, c) = ab(a® - b?) + be(b? - ¢?) + ca(c® — a%)

f(b, b, ¢) = b?(b? - b?) + be(b? - ¢? ) + cb(c? - b?) = be(b® — ¢? ) —be(b? = ¢?) =0

By Factor theorem, a-b isa factor of f.

Since f iscyclic, (a-b)(b-c)(c—a) isafactorof f(a, b,c).

Deg [f(a, b, c)] =4, deg[(a-b) (b-c)(c—a)]=3,the remaining factor must be of deg 1 : k(a + b + c).
fla,b,c)=k(@a+b+c)(a-b)(b-c)(c-a) ... Q

Comparing coefficients of ab® on both sides of (1), we have k= -1.

F(a b,c)= —(a+b+c)(@a-b)(b-c)(c-a)=(a+b+c)(b-a)c-b)(@-c).

Let f(x,y,2)=(x-y)°+(y-2)°+(z-x)°

fy,y,2)=(-y)’+y-2°+z-y)°=(y-2°-(y-2°=0

By Factor theorem, x-y isafactorof f. Since f iscyclic, (x —y)(y - 2)(z - x) is a factor of f(x, y, 2).
Deg [f(x, Y, 2)] =5, deg[(x-y)(y-2)(z-x)]= 3, the remaining factor must be of deg 2

f(x, ¥, 2) = O+ + %)+l (xy +y2 + ) ] (X =YY =Dz -%) .. (1)

Comparing coeff. of Xy, k=5 ; Comparing coeff.of x%? =-5

f(X, y, 2) = 5(x*+y* + 2 Xy - yz - 2X) (x = Y)(y - 2)(z — X)

Let f(a,b,c)=(a+b+c)-(b+c)*—(c+a)*-(a+b)*+a*+b*+c*
f(0,b,c)=(+c) -(b+c)-c*'—b*+b*+c*=0
By Factor theorem, a isafactorof f. Since f iscyclic, abc isafactorof f.

Deg [f(a, b, c)] =4, deg[abc] =3, the remaining factor must be of deg 1 : k(a + b + c).



16.

17.

18.

f(a, b, ¢) = kabc (a+b+c) (D)
f1,1,1)=3k=(1+1+1)*-2*-2-2"+1+1+1=36 = k=12
f(a, b, ¢) = 12abc (at+b+c)

Let f(x)=(x-a)(x—Db)q(x)+ (Ax+B), by Division Algorithm
f@)=Aa+B, f(b)=Ab+B

Solving, A:M, B=M
a-b a-b
Remainder = Ax + B = f(a)—-f(b) 4 af (b) - bf (a) _

a-b a-b

Let f(x)= (C+x+1)"—(x*-x-1)".
f-1) = [((D*+ () +1"+ [1°-(-D+1]" =1-1=0

By Factor theorem, 1+x isafactorof f(x) or (X*+x+1)"—(*-

Put x=10, f(10)=(10%+ 10+ 1)"—(10°-10-1)"=111"—89".
Also, 1+x=1+10=11, s 111"-89" isdivisible by 11.

(@) Let f(X)=x*+3x"-7=a(+ 1)} +b(x*+1)*+c(xX*+1)+d
Compare coeff. of x°-term, a=1,
Compare coeff. of x*-term, 3=3a+b=0 = b=0,
Compare coeff. of x*term, 0=3a+2b+c = €=-3,
Compare coeff. of constant-term, -7=a+b+c+d = d=-5
f(x) =x®+3x' = 7=(x*+1)°-3(x*+1) -5

(b) P(x) =x®+x"+6x°+3x°+12x* + 4x* - 7x - 13

S+ + (O +3X - T)(x +2)
Q) = (x +2) (x* + 1)
P(x)  (x*+1)" +(x°+3x‘ -7)x+2) 1 (X7 1

x—-1)" isdivisible by 1+x.

. (x2 +1)’ —3(x? +1)-5

Q(x) (x2 +1)' (x+2) x+2  (x2+1)  x+2
11 3 5

Cx+2 x4+l (x2+1) (x?+1)

b
1) ye



